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ABSTRACT 
This work provides a detailed explanation of several major methods used in real 
option analysis, The major methods include traditional Black-Schoies Option-Pricing 
Method, Binomial and Trinomial Lattice Methods, Monte Carlo Simulation Method, and 
Finite Element Method. It also shows application of these methods to solve complex option 
problems. The application of each technique with various examples, all written in ~~IATLAB 
is compared. The advantages and disadvantages of each method are summarized. Each 
method's assumptions are discussed as they represent an important element of limitation 
when interpreting results. Key variables of each method are carefully discussed as each 
variable value affects the outcome. All methods provide similar results when the problems 
are simple but not when the problems ~ are more complex. The Black-Scholes method 
provides an analytical solution. Numerical solutions are presented for the Lattice methods, 
Monte Carlo Simulation method and the Finite Element method. 
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CHAPTER 1. INTRODUCTION OF THESIS FLOW 
1.1 Introduction 
The electric power industry in United State of America has been going through major 
changes. The deregulation policy has changed the power industry from a regulated monopoly 
toward market competition. Under the policy of regulated monopoly, a utility has a 
guaranteed fair rate of return in exchange for an obligation to serve. in deregulation market, 
there is no guarantee of fair rate of return. 
In the new economic uncertainties, there are two factors that play important roles in 
decision analysis: financial risks and managerial flexibility. Under uncertainty economy, the 
realization of cash flow of a company may change anytime and can be differed significantly 
from what is expected initially. When new information arrives, and uncertainties about the 
market conditions are solved, a company needs to evaluate changes to the initial decision to 
maximize the company's rate of return. Real Option Analysis enables such flexibility to 
management. 
This thesis provides a detailed understanding of how real options analysis can be 
applied as a strategic and risk management framework and as a valuation tool. As there are 
four major methods often used in Real option Analysis, this thesis presents a considerably 
full explanation of all four major methods and compares these methods under different cases. 
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1.2 Organization of the Thesis 
This thesis consists of S chapters, Chapter 2 presents an overview introduction of the 
theories of Real Option Analysis (ROA). Brief explanations of various methods used in Real 
Option Analysis are also provided in Chapter 2. Those major methods include traditional 
Black-Scholes Option-Pricing Method, Binomial and Trinomial Lattice Methods, Monte 
Carlo Simulation Method, and Finite Element Method. 
Chapter 3 introduces the Black-Scholes Option-Pricing Model. Chapter 4 describes 
the Binomial Lattice and Trinomial Lattice Model. The Lattice model is an improved version 
of the Black-Scholes Option-Pricing Model. Simulation techniques are also one of the major 
methods used in Real Option Analysis. Chapter 5 provides a detail explanation of the Monte 
Carlo Simulation. The Finite Element Model is presented in Chapter 6. Chapter 7 compares 
the Black-Scholes Option-Pricing Method, the Binomial Lattice and Trinomial Lattice 
Method, the Monte Carlo Simulation Method, and the Finite Element Method. Chapter 8 
summarizes this thesis. 
1.3 Summary of Contents 
In Chapter 2, an introduction of Real Option Analysis Theory is provided. Real 
Option Analysis is an improved version of Net Present Value Analysis (NPR. The relation 
between Real Option Analysis and Net Present Value Analysis is explained in detail. Various 
basic types of Real Option are explained. Brief introductions of four major methods of Real 
Option Analysis are also presented in this chapter. 
Chapter 3 explains the Black-Scholes Option-Pricing Model. The Black-Scholes 
Option-Pricing method is the first introduction to solving option pricing. The assumptions of 
Black-Scholes method are very critical. Various assumptions, key determinants and formulas 
for calculating an option's price under the Black-Scholes Option-Pricing method are 
explained in this chapter. This chapter also presents the advantages and limitations of Black-
Scholes Option-Pricing mode. 
Chapter 4 presents an explanation of the Binomial Lattice and Trinomial Lattice 
Model. The assumptions, key variables, and formulas for Binomial Lattice and Trinomial 
Lattice methods are provided. Step-by-step calculations for these two lattice methods are 
performed in this chapter. The advantages and limitations for both methods are also 
provided. 
Chapter 5 introduces the Monte Carlo Simulation Model. This method uses randomly 
selected `what-If scenarios. Assumptions, key determinants, and formulas for calculation of 
an option price are explained in detail in this chapter. Latin Hypercube sampling is also 
explained. The advantages and limitations of Monte Carlo Simulation Model are presented. 
Chapter 6 describes the Finite Element Model. This method solves the Partial 
Differential Equations by approximating each partial derivative by a difference quotient. In 
this chapter, assumptions, key determinant and formulas that are required for this method are 
presented. The advantages and limitations of this model are explained in this chapter. 
Chapter 7 provides an overall comparison and explanation between these four 
methods. This chapter presents four cases. Those four cases are: the basic case, the power 
outage case, the transmission line effect case, and the fuel price impact case. Chapter 8 
summarizes this thesis. 
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CHAPTER 2. LITERATURE REVIEW 
2.1 Introduction to the. Real Option Theory 
Real Option Analysis is based on the observation that most of the investment projects 
usually have three main characteristics that are not taken into account in traditional theories. 
Traditional investment theory is based on the Net Present Value Analysis {NPV~. An 
investment project is not accepted if the difference between the present value of the 
anticipated future flow of profits of the project does not exceeds the present value of the costs 
of the project and vice versa. The three important characteristics that are neglected in the 
traditional theories are (see Kambil, Henderson and Mohsenzadeh [37]): 
(a) Investments are partly or completely irreversible (the investment is therefore at least 
partially sunk cost). 
(b) Future profits from the investment are uncertain. 
(c) The timing of investment can be decided by the firms any time (for example, in order 
to obtain more information, firms can delay their investment). 
The relation between these three key characteristics in an investment project is similar to a 
financial call option or put option. These options are referred to as "Real Options" because it 
relates to an opportunity to invest in real assets. The opportunities for corporate investment 
can be viewed. as financial opportunities because the company has the right, with no 
obligation to acquire :the underlying asset. 
Call Option on an asset (with current value V) gives the option holder the right, with no 
obligation, to acquire the underlying asset by paying a prespecified price (the exercise price, 
~ on or before the maturity date (see Hull [2], Ward [29]). 
Put Option on an asset (with current value V) gives the option holder the right, with no 
obligation, to sell the underlying asset and receive a prespecified price (the exercise price, I) 
on or before the maturity date. If the option can be exercised before the maturity date, it is 
called an American option. A European option can only be exercised on the maturity date 
(see Hull [2], Ward [29]). 
Few basic types of Real Options are as follow (see Trigeorgis [3]): 
• Option to Defer 
Management holds a lease on (or an option to buy) valuable land or resources. 
Management can wait several years to see if the output prices justify 
constructing a building or a plant or developing a field. 
Option to Defer can be employed in all natural-resource-extraction industries, 
real-estate development, farm, and paper products. 
• Time-to-build Option 
Staging investment as a series of outlays creates the option to abandon the 
enterprise in midstream if new information is unfavarable. Each stage can be 
viewed as an option on the value of subsequent stages and valued as a 
compound option. 
Time-to-Build Option is important for all R&D intensive industries especially 
pharmaceuticals, long-development capital intensive projects (for example, 
large-scale construction or energy generation plants), and startup ventures. 
• Option to Alter Operating Scale 
If market conditions are more favorable than expected, the firm can expand 
the scale of production or accelerate resource utilization. Conversely, if 
conditions are less favorable than expected, it can reduce the scale of 
operations. In extreme cases, production maybe halted. and restarted. 
Option to Alter Operating Scale is used for natural-resource industries (for 
example, mining), facilities planning and construction in cyclical industries, 
fashion apparel, consumer goods, and commercial real estate. 
• Option to Abandon 
If market conditions decline severely, management can abandon current 
operations permanently and realize the resale value of capital equipment and 
other assets on secondhand markets. 
Option to Abandon is applicable to capital-intensive industries, financial 
services, and new product introductions in uncertain markets 
• Option to Switch 
if prices or demand change, management can change the output mix of the 
- facility (product flexibility). Alternatively, the same outputs can be produced 
using different types of inputs (process flexibility). 
Option to Switch can be employed in: 
Output shifts: Any good sought in small batches or subject to volatile demand 
(for example, consumer electronics), toys, specialty paper, 
machine parts, and autos. 
Input shifts: All feedstock-dependent facilities, electric power, chemicals, 
crop switching, and sourcing. 
• Growth Option 
An early investment is a prerequisite or a li~1k in a chain of interrelated 
projects, opening up future growth opporltunities. Like interproj ect compound 
options. 
Growth Option is important for all infrastructure-based or strategies industries 
— especially high tech, R&D, and industries with multiple product generations 
or applications (for example, computers, pharmaceuticals), multinational 
operations, and strategic acquisitions. 
• Multiple Interacting Options 
Real-life projects often involve a collection of various options. Upward-
- potential-enhancing and downward-protection options are present in 
combination. Their combined value may differ from the sum of their separate 
values; that is, they interact. They may also interact with financial flexibility 
options. 
Multiple Interacting Options is applicable for real-life projects in most 
industries listed above. 
The value of an option depends on the value of the underlying asset. This is because 
an option is a derivative instrument of an underlying asset. For example, if the value of a 
particular stock increases, the value of the call option increases and the put option decreases. 
The underlying asset of a stock call or put option is the stock. 
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When a _project has operation flexibility, the value of an option can be determined 
more accurately by applying Real Option Analysis. Therefore, we will be able to obtain a 
more accurate estimate of the value of a proj ect. This will lead to making a better decision 
and at the same time, increase the firm's management efficiency under uncertainties. 
2.2 Brief Introduction of Real Option Analysis Methods 
2.2.1 Analytical Method -Black-Scholes Option-Pricing 
Black-Scholes model was the first and the most widely used model for option pricing. 
The Black Scholes model is associated with the call option and put option formula. Black and 
Scholes use the equilibrium Capital Asset Pricing Model (CAPM) to derive the equation for 
the call and put option. For valuation reason, the Black Scholes model assumes the option 
has expected return equal to the risk free rate. Thus, the option equation can be solved using 
the Black-Scholes model. 
However the Black-Scholes model and most of the financial derivatives pricing 
problems do not have numerical solution. Real Option Analysis often faces harder or more 
`exotic' problems compared to the financial derivatives pricing problems. As an example, 
several underlying variables or several factor models are typically included. Thus, numerical 
techniques play an important part in Real Option Analysis. As we know, finding an analytical 
solution is very hard and only a few partial differential equations have analytical solutions. 
The numerical techniques basically can be divided into three groups: lattice, Monte-Carlo, 
and finite element. 
2.2.2 Numerical Method -Binomial and Trinomial 
Binomial tree .and trinomial tree methods are an improved extension of the Black-
Scholes model. Both of these models are based on the idea of a finite tree structure that 
branch out from the current asset price and from the current time until the expiration time. 
Both binomial tree and trinomial tree methods value an option by backward induction, which 
is extending the replicating and related portfolio values, back one period at a time from the 
claim values to the starting time. 
2.2.3 Numerical Method —Monte Carlo Simulation 
Monte Carlo simulation is a statistical technique. Thru the Monte Carlo simulation, a 
quantity is calculated repeatedly by using randomly selected "what-if ' scenarios for each 
calculation. The result summarizes the full range of possible outcomes, and the likelihood of 
each. 
2.2.4 Numerical Method —The Finite Element 
Finite element method generalizes the binomial method concept as a method for 
solving a partial differential equation. The finite element method also numerically solves the 
Black-Scholes equation and extensions with other partial differential equations (PDEs-based) 
techniques. The finite element method uses `grids' to replace the `trees' in the binomial 
method. Once an equation has been found, it is easier to use the finite difference grid to solve 
numerically. The transformation from a differential equation {Black-Scholes) to a difference 
equation is easier with the grid than with binomial and trinomial trees. 
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CHAPTER 3. THE BLACK-SCHOLES OPTION-PRICING MODEL 
3.1 Introduction 
In general, the Black-Scholes option-pricing model, the Binomial tree and the 
Trinomial tree model are based on the same theoretical foundations and assumptions. For 
example, both of these models assume ri sk -neutral valuation, and the geometric Brownian 
motion theory of stock price behavior (see Trigeorgis [3]). 
The Black-Scholes option-pricing model can be described as the expanded version of 
Net Present Value (NPV) Analysis (see Trigeorgis [3], Schwartz and Trigeorgis [15], A.mram 
and Kulatilaka [16], Trigeorgis [19], Ward [29], Marlow [30]). Black-Scholes enables the 
traditional NPV approach to properly reflect management's flexibility to adapt and revise 
later decisions to unexpected market developments. The definition of the expanded NPV (see 
Luehrman [26]): 
Expanded NPV (the whole project) 
= traditional NPV (Phase I assets) +present value of an option (Phase II assets) 
Where 
Phase I Assets: the initial investment of a new generation unit (net cash flows) 
Phase II Assets: The values of an option to change (expand, contract, etc.) on created 
by the initial investment 
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3.2 The Black-Scholes Option-Pricing Model 
The basis of Black-Scholes technique is Partial Differential Equations (PDEs). Before the 
detail of the Black-Scholes Option-Pricing Models is presented, assumptions are reviewed to 
properly use this model (see Hull [2], Tavella and Randall [ 10], Amram and Kulatilaka [ 16], 
Marlow [30]): 
1. The asset does not pay dividends until option expiration at some future date. 
2. The option is exercised only at maturity (European exercise). 
3. Capital markets are efficient, complete and frictionless. There are no transaction fees 
or differential taxes. The trading takes place continuously. There is allowance of 
unlimited borrowing and short selling. The borrowing and the lending rate are equal. 
Assets are infinitely divisible. 
4. No commissions are charged (fees). 
5. The riskless instantaneous interest rate remains constant and known over time until 
maturity. 
6. Returns are lognormally distributed. 
7. The price of the underlying asset follows Geometric Brownian motion (GB1V~. 
8. No arbitrage opportunities are available. 
The Black-Scholes option-pricing model calculates the theoretical call price of an option 
using five key determinants of an option's price (see Hull [2], Trigeorgis [3], Marlow [30]): 
(a) The present value of the underlying assets. The amount of assets to be acquired when 
and if the option is being exercised. Financially, it is the stock price. 
(b) The value of the construction expense required for exercising the option, called the 
strike price. 
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(c) The risk-free rate of return 
(d) The time to the expiration date (maturity date), expiry. 
(e) The volatility of the underlying asset per unit of time. 
The Black-Scholes formula builds from the idea that the changes in the stock price are 
defined by the following differential equation: 
dS =,udt+~dB 
S 
where 
,u =drift (constant) 
6 =volatility or standard deviation (constant) 
S =stock price 
B =Brownian Motion (stochastic property) of the stock price 
This discrete model is then transformed into a continuous Geometric Brownian Motion type 
of model: 
2 
0 
The right side of the equation is the normal random variable with mean = 6 2- 2 ~7' 1t1 
variance = ~- T . 
ST =stock price at time T 
Sa =current stock price 
The Black-Scholes formula for calculating the theoretical option price, ~ follows: 
V = N(d 1)S — N(d 2 )Xe-rt 
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Where 
V = present value of the option to expand 
N(d,) and N(d 2 ) are the values of the cumulative standard normal distribution at d, 
andd2 , where 
d, _ [ln(~) + (r + U.562 )t] l 6~ 
d, = d, -- rs~ 
The variables are: 
S = present value of the underlying assets, stock price 
X — value of construction expense required for exercising the .option, 
strike price 
r — current continuously compounded risk-free interest rate 
t = maturity time frame, which is the time remaining until expiration, 
expressed as a percent of a year 
cs = annual volatility of the underlying asset per unit of time 
In = natural logarithm 
e = the exponential function 
The underlying asset returns of the Blaek-Scholes option-pricing model are normally 
distributed. The underlying asset prices themselves are lognormaily distributed. The normal 
.distribution (bell-shaped distribution) has a shorter right tail compared to a lognormal 
distribution. Thus, the lognormal distribution has an upward bias that a stock price can rise 
by more than 100 percent but can only drop 100 percent. Additionally, the lognormal 
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distribution allows a stock price to be distributed between zero and infinity. There are no 
negative prices. 
Volatility is the most important option pricing parameter (see Dull [2], Trigeorgis [3], 
Trigeorgis [ 19], Ross [28], wart [29], Marlow [30]j. Option prices are very sensitive to 
changes in volatility, Future volatility can only be estimated. Stock price volatility is the 
standard deviation of the short-term returns over a year, There are two kinds of volatility. 
One is the V~►Thilst Implied Volatility that is the volatility of the option implied by current 
market prices. The second one is the Historical Volatility. Although whilst Implied Volatility 
is considered a~ the `best' estimate, experience options traders will rely on both types of 
volatility instead of just Whilst Implied Volatility. 
The expected rate of return of the stock is not one of the variables for the Black- 
Scholes Option-Pricing model. The important implication is that the expected growth of the 
underlying asset does not affect the value of an option. Specifically, the option value is 
independent of the expected growth of the underlying asset. Therefore, it is risk neutral. 
Risk-neutral valuation means all derivatives can be valued by assuming that the return from 
their underlying assets is the risk free rate (see Hull [2]). The price of an option is 
independent of the risk preferences of investors. 
From the equation above, N(d i )S can be considered as the expected value of S if S ~> 
X on maturity date. Besides that, Xe-rt can be considered as the present value of X. And 
N(d 2 )Xe-rr considered as the expected value of Xe-rt if S > X on maturity date. The 
equation explains the present value of the option to any action (expand, contract, and so on) 
as given by the expected value of the present value of the underlying assets minus the 
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expected value of the present value of construction expense required for exercising the 
option. 
3.3. The Advantages and limitations of the Black Scholes Option-Pricing Model 
The Black-Scholes option-pricing model has an advantage of computational speed. 
The Black- Scholes option-pricing model is easy to use and understand. It informs the user 
what is important and what is not important. It takes into account those very factors that the 
market analysts really seek. This model does not promise to calculate the exact price of an 
option. However, it does an outstanding job of pricing the options, which satisfies all the 
assumptions of the model. 
There are several limitations to the model. The Black-Scholes option-pricing model 
cannot accurately price the American-style options as this model only calculates the option 
price for a given single maturity or expiration time. It cannot consider the steps along the 
way where the possibility of early exercise of an American option exists. The model assumes 
that the stock pays no dividend during the option's life. This is sometimes a significant 
limitation as higher dividend yields lower call premiums. Most companies pay dividends to 
their shareholders. The Black-Scholes option-pricing model cannot compute more complex 
derivative models without appropriate adjustments. 
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CHAPTER 4. BINOMIAL LATTICE AND TRINOMIAL LATTICE 
MODEL 
4.1 Introduction 
Binomial and Trinomial Lattice methods are very popular, useful and simple 
techniques. These two approaches involve constructing a decision tree (see Clemen and 
Reilly [6]). Decision tree is a diagram that representing the entire possible path pursued by 
the stock price over the life of the option. The objective of the analysis is to calculate the 
option price at the initial node of the tree. 
4.2 The Binomial Lattice Model 
The Binomial Lattice model is based on the generalization that over a short duration 
of time (a single period), the underlying asset price is a binomial process. This model 
segments time to maturity into a large number of time intervals or steps. A tree of asset prices 
is then produced working forward from the present to the maturity. The asset price is 
assumed to become one of two possible values: one going up or one going down. This 
produces a binomial distribution of the underlying asset prices. All the possible paths that an 
asset price .can take during the life of the option are being represented by the binomial tree. 
The Binomial Lattice Model assumes (see Hull [2J, Trigeorgis [3], Clemen and Reilly [6], 
Copeland and Antikarov [14], Schwartz and Trigeorgis [15], Trigeorgis[19]): 
1. No riskless arbitrage opportunity. 
2. Asset Price is represented by a binomial distribution. 
~~ 
3. Perfect Market is a market without any arbitrage opportunities. The market 
demand is satisfied by the supply. 
The Binomial Lattice Model calculates the value of an option. In this model, seven different 
inputs are required (see Hull [2], Trigeorgis [3], Copeland and Antikarov [14]): 
(a) X =underlying asset price 
(b) r =risk-free rate 
(c) t =option's time until maturity in years 
(d) dt =stepping time (time increment with T) 
(e) 6 =implied volatility of the logarithmic returns on future cash flows 
(fl q =dividend rate 
(g) per =percentage of increment or decrement of the option 
Figure 4.1:2-Step Binomial Tree Asset Lattice 
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After obtaining those seven inputs, the first step is to calculate the two possible values of X. 
Figure 4.1 shows the steps for calculating the binomial tree asset lattice in diagram form. 
First, we need to calculate u (upward movement) and d (downward movement) (see Clewlow 
and Strickland [27]): 
The calculation of S2,o ,and 521: 
The calculation of S3,o , 53,E and 53,2 
u = exp(o-~) 
d = exp(-6~) 
SZ,o = X u 
S21 =X*d 
~ 2 S3,o = X u 
S3,i =X*u*d 
S 32 =X * d2
After obtaining the various S values, the next step is to calculate the option values. The 
option values calculation is based on a backward-flow tree technique: the option values at 
each step of the tree are calculated backward from the expiration to the present. Along with 
the time interval of each step, the risk free rate and the risk neutral valuation based on the 
probabilities of the stock prices moving up or down. The option prices at each step are then 
being used to calculate the option prices at the next step of the tree. Each option type has its 
own characteristics. Each follows a general formula. 
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Figure 4.2: 2-Step Binomial Tree Option Lattice 
For example, the option values at maturity for node S3,o 
C3,o = max( , K — ,S3,o ~ 
X3,2 = maX(0, .K — S3 2
Continuing, the option values for node 53,1: 
~ 2~0 = d ZSC * ~p * C3,0 + ~1 ~~ * C3,1~ 
C2,1 = dlSC * ~p * C3,1 + ` 1 p~ ~ C3,2 
Where: 
disc = e-r °t 
20 
e r*~ — d 
~— 
u-d 
The same calculation continues until we get the option value of the initial node S~,o
Ct,o =disc * (P * CZ,i + (1— P) * Cz,z 
Figure 4.3:3-Step Binomial Tree Asset Lattice (Higher Uncertainty) 
The binomial tree has a wider lattice with higher uncertainty. The Binomial Lattice model 
also represents the risk-neutral valuation principle. This can be used for the valuation of 
European options. 
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4.3 The Trinomial Lattice Model 
Trinomial Lattice method is an extension of the Binomial Lattice method. Therefore, the 
Trinomial Lattice Model has the same assumption and input requirement as the Binomial 
Lattice Model. The Trinomial Lattice Model assumes (see Clewlow and Strickland [27]): 
1. No riskless arbitrage opportunity. 
2. Asset Price is represented by a trinomial distribution. 
3. Market is a perfect market without any azbitrage opportunities. The market 
demand is satisfied by the supply. 
The seven requirement inputs are: 
(a) X =underlying asset price 
(b) r =risk -free rate 
(c) t =option's time until maturity in years 
(d) dt =stepping time (time increment with T) 
(e) 6 =implied volatility of the logarithmic returns on future cash flows 
(fl q =dividend rate 
(g) per =percentage of increment or decrement of the option 
The difference between trinomial lattice model compare to binomial lattice model is, in the 
trinomial lattice model, the asset price over a single period can have three possible values: 
(a) going up by dx 
(b) stay at the original value 
(c) going down by dx 
with the probabilities of p u  , p m  and p d in that order where: 
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1 a-Z~t+v20t 2 vOt 
~6 2~ -f VZOt 2pm =1—  ~2 
1 6 2~t+v20t2 vet 
Basically, the idea of calculating the asset price and the option price of the trinomial lattice 
model is same as the binomial lattice model. The value of an option at the final time step 
follows the formula as below: 
aver that, the value of the option at earlier nodes follows the discounted expectation formula: 
~t,~ — e
-rat 
~pu Ci+l, j+l + pm Ci+1, + pd Ci+1, -1 I I 
Figure 4.4: Trinomial Tree Lattice 
~~ 
4.4 Binomial and Trinomial Lattice Models: Advantages and Limitations 
The advantages of the lattice models include revelation of the replicating portfolio 
construction, and that the probability distribution is not centrally involved. Lattice model 
only requires the knowledge of simple calculation. It also shows that probability theory 
expertise is needed to obtain a deeper understanding of path dependent probabilities of 
security prices. 
The limitations for the lattice method are: the calculation is ~ tedious, and that the 
trading is not actually discrete but continuous. Instead of following a binomial distribution on 
multiple time periods, the securities change over a range of values with a continuous 
distribution. 
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CHAPTER 5. MONTE CARLO SIMULATION MODEL 
5.1 Introduction 
Simulation is often used to solve problems that are difficult from an analytical point 
of view. Monte Carlo Simulation is based on statistical sampling. The result of Monte Carlo 
Simulation is dependent on efficient random value selections. The basic idea of this kind of 
simulation is when one plays a game long enough or repeats the same procedure countless 
times; .one will have a very clear insight of the distribution of the possible result. 
5.2 The Monte Carlo Simulation Model 
Monte Carlo Simulation is used for the evaluation of investment projects that faces 
many high level of uncertainty. This technique is very famous and is used to handle 
situations where many uncertainties abound. Monte Carlo Simulation Model assumes: 
1. The underlying probability distributions for uncertain quantities are 
known. 
2. Theory of Large Number is applicable when there are enough samples. 
3. The correlation between random numbers is known. 
4. Hypotheses are used to test for correctness. 
The key component description in Monte Carlo Simulation Model is the probability 
distribution. The objective is to estimate an expected value with respect to an underlying 
probability distribution or to represent the uncertainty surrounding the possible payoffs for 
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different options. Random numbers are feed into the Monte Carlo Simulation, and the output 
is a sequence of random results. With all these results, statistical techniques are used to build 
an estimate of a quantity of interest. The probability distributions are attached to a number of 
non-controllable exogenous variables that determine the annual net -cash flows. Synthetic 
sampling from these distributions is carried out on the computer to generate the probability 
distribution of one or more financial performance criteria (see Hull [2], Fishman [5], Clemen 
and Reilly [6], Brandimarte [ 11 ], Copeland and Antikarov [ 14]). 
A more detail explanation of Monte Carlo Simulation is that one builds a simulation 
model that captures all the relevant aspects of the uncertainty in the problem by .placing. 
together all probability distributions for all uncertain quantities. With the help of modern 
computer, this simulation is run for many times until one has an acceptable probability 
distribution for the payoffs from the different alternatives. The result sometimes can be 
improved if the simulations are run with more random inputs. The overall distribution: net 
present value or rate of return, together with other information, are very useful to determine 
whether to reject or accept any project decision. Some of the frequently used distributions in 
Monte Carlo Simulation are listed below (see Fishman [5], Jackel [9]): 
Un dorm Distribution 
Uniform Distribution has a random experiment that can have a continuous of 
outcomes X which are all equally likely. This distribution is either on a single open interval 
(a, b) or a single closed interval [a, b] .For both cases: 
X ~ U(a, b) and X ~ U[a, b] mean D(X) _ [a, b] 
The probability density is: 
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Normal Distribution 
Normal Distribution is the most common distribution of all. 1Vlost of the time, X is 
normally distributed with mean ~u and standard deviation 6 
X ~ N(,u, o-) 
The probability density is: 
1  1(x ~)2 
~ (x~ ~~ 6) = e 2 ~-2 
6 2?Z 
Standard Normal Distribution is: 
Z ~ N(0,1) 
With probability density: 
1 1 x2yr(x) = e z 
2~z 
Bernoulli Distribution 
Bernoulli Distribution can only take two discrete values, either A or B. This 
distribution is also known as a Dichotomic Distribution. The total probability has to have the 
value of 1: 
p := Pr[A] =1— Pr[B] 
Binomial Distribution 
By repeating a Bernoulli experiment for n times, we will get a Binomial Distribution. 
The probability that an event Y happens k times in n repetitions in a Bernoulli experiment is: 
n~ 
Pr[X = k) = k
l 
P kl1 _ p \n-k 
l 1 
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The distribution density is: 
n 
W fix) _ ~ k
k=0 ~ 
1— p)~-k Six — k) 
A brief and simple example is presented (see Clewlow and Strickland X27]) as follows. 
A businessman (drink supplier) has an opportunity to expand his business. He has two 
ways to obtain the sugar increment that is required for his business to increase his export on 
drink: Option A and Option B. Each option has its own set of circumstances. Option A: sell 
USD 1.00 per package of sugar and guarantee supply throughout_ the year. Option B: sell first 
10,000 packages at USD 1.05, then the next 10,000 packages at USD 0.95 and then USD 
0.85 for anything more than 20,000 packages. The businessman faces high level of 
uncertainties in the future of his business and the requirement of sugar for next year is 
normally distributed with mean 13,000 packages and standard deviation 2500 packages. 
Option A 
Option B 
Cost (USD) 
1.00X 
X<10,000 = l.OSX 
10.000< X < 20.000 = 10.500 + 0.95 (X-10.0001 
20000 < X = 20,000 + 0.85(X - 20000) 
Figure 5.1: Diagram of Example on Monte Carlo Simulation 
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By taking advantage of the speed of the computer, we will be able to deal with the 
uncertainty of .this model. First, we are uncertain about the future and the model. ~1Ve will 
play a game on this model. The computer will choose a random number from a normal 
distribution to find the amount of sugar available and the resulting total cost needed. After 
running for a lot of times, we will have an idea of how much the total cost will be. Therefore, 
we can compare Option A and Option B to make our own decision. 
Random sampling-based Monte Carlo Integration is often used to -solve multi-
dimensional integration. An example is presented below: 
where A c R n 
By random sampling a sequence of points xt E A, i =1,..., m , ~ can be estimated and the 
estimator is then built: 
Im — vol(A)  ~~~x~~ 
m ~_, 
vol (A) =volume of the region A =1 
From the equation above, it is interpreted as averaging the value of the function ~ . 
Then, it is multiplied by the volume of the region. The value of the integral is then obtained. 
From the strong law of large numbers: 
lim 
~m = I 
m —~ o0 
A random sampling mechanism can be used to build an estimate of a deterministic 
quantity. A vector random variable together with a j oint density function 
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f (x,,..., x„) , Monte Carlo Integration can be used to estimate the expected value of an 
arbitrary function ofX: 
~'~glX ~~ — JJJ 
.. ,~gl.xl  ~...~ Cn ).f ~x~ ~-••~ xn ~ 1...C~7C~ 
And the random sampling is accomplished by taking the expected value E[g(U)J, where U 
~(0,1). Uis a uniform random variable on the interval of 0 and 1. A sequence of independent 
random numbers is generated from the uniform distribution. The sample mean is evaluated 
using the. following formula: 
m 
— ~g~Ut) 
m 1=1 
The most normal way to generate pseudorandom variates (see Brandimarte [11]) is to 
start from the generation of pseudorandom numbers. Pseudorandom numbers are variates 
from the uniform distribution on the interval (0, 1). Pseudorandom variates means samples 
from a particular distribution. After obtaining the pseudorandom variates, suitable 
transformation such as the inverse transform method, the acceptance-rejection approach and 
so on are applied so that we can obtain the desired distribution. 
It is not always true that the more replications or samples being run, the better 
estimates will be obtained. From the two equations below: 
2 
E[X(n)—u 2 )]=Yar[X(n)]= 6 (1) 
n 
X(n)±z a SZ ~n~ ..... (2) 
12  n 
Equation (1) indicates that increasing the number, n, of replications or samples will improve 
the estimate. However, Equation (2) shows that the rate of improvement is slower and slower 
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a.s more samples are added. There are two ways to solve this difficulty, first is to use the 
variance reduction techniques. For this technique, we need to assume that random sampling 
is really random. Else we need to use the second technique: Quasi-Monte Carlo Simulation. 
Compare to the Monte Carlo Simulation method, Latin Hypercube sampling method 
requires fewer model iterations to approximate the variable distribution. For the Latin 
Hypercube sampling method,. the whole range of each variable is sampled (see Hetrick j35]j. 
In this method, the range of probable values for each uncertain input parameter is separated 
into M segments of equal probability. The whole parameter space, consisting of N 
parameters, is artitioned into ~1~ cells, with e ual robabilit .The next ste is to select 11~ p q p y p 
cells from the SIN cells. A random sample is generated. The cell number is calculated. The 
cell number shows the segment number the sample belongs to, with respect to each of the 
parameters. At each successive step, a random sample is generated, and is only accepted if it 
does not agree with any previous sample on any of the segment numbers (see [36]). 
5.3 The Advantages and Limitations of the Monte Carlo Simulation Model 
Monte Carlo Simulation has the advantage of solving complex problems numerically 
where there does not exist a closed-form or other simple solutions. Many financial problems 
are complex and difficult to solve thru analytical solution, therefore this "method of last 
resort" ~s used often. 
Monte Carlo Simulation Method has a limitation. It takes a longer period of time to 
solve a simple problem. Whenever there exist a simple or closed-form solution for any 
problem, it is advisable not to use the Monte Carlo Simulation Method as it will be time 
consuming. 
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CHAPTER 6. THE FINITE ELEMENT MODEL 
6.1 Introduction 
Partial differential equations (PDEs) provide a very good framework for pricing 
rather complex derivatives. Finite element method is one of the numerical solutions for 
PDEs. Finite element method deals with the natural idea of approximating partial derivatives 
with difference quotients (see Kwon and Bang [4], Tavella and Randall [10], Strang and Fix 
[17], Sewell [20], Struwe [21]). The boundary conditions and the form of the equation 
determine whether a given problem that involves a PDE is well posed. 
6.2 The Finite Element Model 
The finite element methods solve the PDEs problems by approximating each partial 
derivative by a difference quotient. The finite element model assumes all the PDEs are well 
posed. Awell-posed problem satisfies (see Trigeorgis [3], Kwon an d Bang [4], Tavella and 
Randall [ 10], Brandimarte [ 11 ]) all of the following conditions: 
i. That a solution exists. 
ii. That a solution of the problem is unique or at least is within a certain class of 
functions of interest. 
iii. That the solution of the problem depends in a predictable way on the problem 
data. This means that when there is a small perturbation in the input; there will be 
a small perturbation of the solution that can be found by calculus.. 
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It transforms the functional equation into a set of algebraic equations. The starting point 
is always a finite series approximation. With suitable continuity and differentiability 
hypotheses, Taylor's theorem states that a function f (x) can be represented by (see 
Brandimarte [11], Sewell [20], Clewlow and Strickland [27]): 
f(x+h)= f(x)+hf'(x)+~h2f"(x)+6h3f"'(x)+... (1) 
Forward Approximation for the derivative neglects higher order terms: 
Figure 6.1: Computational Diagram for Forward Approximation (Finite Element Scheme) 
The derivatives are still defined as the limit of the difference quotient h ~ 0 . 
Backward Approximation arrives from a similar way: 
f (x — h) = f (x) — hf ' (x) + ~ h 2 f ~~ (x) — 6 h3 f ~" (x) + ... (2) 
And 
r cX~ = rcx>—rcx—h~ +o~h~ h 
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Figure 6.2: Computational Diagram for Backward Approximation (Finite Element Scheme) 
Both Forward Approximation and Backward Approximation have a truncation error 
of order 0(h) . Central Approximation is obtained by subtracting equation (2) from equation 
(1). Central Approximation is a better approximation for small h since the truncation error is 
0(h2): 
f ' ~x~ _ .f ~x + h
~2hf  (x 
— h) + Ooh Z ) 
Sometimes Forward Approximation or Backward Approximation might be a better 
tool. The selection depends on the type of boundary conditions. 
The same way can be used in extension to higher-order derivatives. For example, a 
second-order derivatives can be obtained by adding Equation (1) and Equation (2): 
f(x+h)+ f(x—h) = 2f(x)+h 2 f"(x)+0(h4 ) 
and thus we will get: 
f .~x~ _ J(x+h —2f(x)+ f(x—h 
hZ
+ o(h 2 ) 
~~ 
The explanation above is then applied to a PDE involving a function ~p(x, y) . A 
discrete grid of points of the form (i&x, jSy) is created. &x,8y each means discretization steps 
respectively. The value of ~p on the grid is key to determine the fitness quality. Therefore, 
from a functional equation, a set of algebraic equations can be obtained and is always easier 
to solve. 
Depending on the type of approximation used for the partial derivative with respect to 
time, .one will get a different Finite Element Method (see Clewlow and Strickland [27]). 
Table 6.1: various Types of Finite Element Method 
Type of Approximation Finite Element Method 
Forward Approximation Explicit Method 
Backward Approximation Implicit Method 
Central Approximation Crank-Nicolson Method 
Figure b.3 shows the differences between Explicit Method and Implicit Method. 
Figure 6.3: Diagram of Explicit and Implicit Methods 
Explicit Method can be formulated as below: 
VN+~ _ ~4vN + cN
Implicit 1Viethod can be formulated as: 
~IVN+l _ VN + CN 
ti'Vhile Crank-Nicolson Method: 
AV N+1 — BV N -~ C N 
The Implicit Method and Crank-Nicolson Method can be solved indirectly by using 
the inversion of matrix while the Explicit Method can be solved directly using Matrix A. 
For finite element methods, some problems such as some truncation error that tend to go 
to zero as the discretization step tend to zero always emerge. To get rid of this problem, all 
these three concepts below have to be satisfied (see Strang and Fix [ 17], Struwe X21 jj: 
1. Convergence 
ii. Consistency 
111. Stablhty 
If not satisfied, the solution of the finite element equations for discretization steps r~x, ~y -~ 0 
may converge to a function which is not the solution of the PDEs. 
An explanation for these three concepts is presented. Let 
~ ~p = f , 
Where: 
L =differential operator 
f =known function 
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rp =unknown function that we want to determine 
Operator L (Le ) is discretized. With a known function yr and a point (P,. , t~) on discrete grid, 
the truncation error can be defined: 
tw (P , t~) = LW (P,., t~) — Leyr(P,., t~ ) 
From here: 
i. Consistency: when the grid is refined or the finite element scheme converges 
to the required PDE, that as the discretization (space and time) steps- tend to 
zero, then the truncation error tends to zero. 
11. Stability: there is a concern whether the numerical scheme is sensitive to small 
perturbation that occurs because of the finite precision of computer arithmetic. 
It is not stable if the scheme is sensitive to small errors. Three steps to check 
the stability: 
a. Introduce a small perturbation to original data 
b. Check the condition number of the matrix in the methods where an 
inversion of a matrix is required 
c. Check the eigenvalues of the matrix which is the multiplier to the system 
111. Convergence: the numerical solution stays the same as the original solution 
when the discretization is refined. For a well-posed linear problem, 
consistency is enough to ensure the convergence of numerical solution. 
In general, the Crank-Nicolson Finite Element method is better than the Explicit and Implicit 
Finite Element Method. The stepping time for Crank-Nicolson method is smaller compare to 
37 
Explicit and Implicit method. For Crank-Nicolson method, the stepping time is half the size 
of the Implicit and Explicit method. 
6.3 The Advantages and Limitations of the Finite Element Model 
The advantages of the Finite Element model are there exist many ways that the finite 
difference method can be improved, which will make it faster and more accurate. This 
method does not require a fi~.ndamental solution. It can handle complex analysis of several 
option type problems, such as nonlinear, transient, etc. 
The limitation for the finite element method is in terms of classical numerical 
problems, computers have a finite number of significant digits. Some of the numbers are 
rounded off. The computer can not represent the exact correct number. Therefore, errors may 
be accumulated. 
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CHAPTER 7. COMPARISON of REAL OPTION APPROACHES 
7.1 Introduction of Comparison Techniques 
Program (MATLAB) 
Parameters of Option 
User/Owner 
Value of the Option 
Compare to 
Price of Offer 
Option Offered 
Decision/Result 
Figure 7.1: Flowchart of an Investment Decision Analysis using Real Option Methodology 
Steps: 
1. An option is being offered. 
2. User gets all the parameters needed. 
3. User inserts the parameters of option into the l~~I.ATLAB Program. 
4. The MATLAB Program calculates the value of the Option. 
5. - User compares the value of the option being calculated by the l~IATLAB Program 
and compare to the Price being offered. 
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6. User's Decision is to choose the option that has higher value. 
The flowchart above shows the structure of an overall investment decision making. The two 
rectangular that are red in color plays important steps in the comparison of real option 
approaches. After the users obtain all the parameters needed (Step 2), then the correct 
technique has to be applied.. The techniques include: 
(a) The Black-Scholes Option-Pricing Method 
(b) The Monte Carlo Simulation Method 
(c) The Lattice Methods 
a. The Binomial Lattice Method 
b. The Trinomial Lattice Method 
(d) The Finite Element Method 
a. Implicit Finite Element Method 
b. Explicit Finite Element Method 
c. Crank-Nicolson Finite Element Method 
These four techniques were implemented in the MATLAB. Each has advantages and 
disadvantages as elaborated in the previous chapter. 
From the two flowcharts (Figure 7.1 and Figure 7.2), four examples of Virtual World 
Creation (VWC) are presented to show the comparison among various techniques that is the 
Black-Scholes Option Pricing Method, Lattice Methods, Monte Carlo Simulation Method, 
and Finite Element Method. 
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Parameters of Option 
The Black-Scholes 
Option-Pricing 
Method 
The Binomial 
Lattice Method 
The Trinomial 
Lattice Method 
The Mote Carlo 
Simulation Method 
The Finite Element 
Method 
Comparison among 
Various Beal Option 
Techniques 
Value of Option 
from the Best 
Approach 
Figure 7.2: Flowchart of the Comparisons of Various Real Option Approaches within the Program (MATLAB) 
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7.2 Four Virtual World Creation (VWC) Cases (California Data) 
In the real world, anything can happen. An efficient, and responsible decision-maker 
has to prepare to face various types of possible outcomes under one's management. One 
needs to implement the flexibility of one's management when encountering various 
unexpected cases. This is critical as economy nowadays is very volatile. Real Option 
Analysis has become a key management tool for many managers to use for investment 
decision. Four different types of cases are being explained. All these cases can be solved 
using the Real Option Analysis techniques. 
Case #1 (The Basic Model) 
For all cases, we are referring to the California Electricity Market. The data is 
obtained from the California Electricity Market Data on .Energy Schedules (System-Wide 
Data). Our region of observation is considerably smaller than California, as the viewpoint is 
of a single company as an example. The actual and forecast load is reduced by about 90%. 
There are 10 generator units in this case. Three of the generator units play important 
role in delivering electricity. These three units (GUI, GU2 and GU3) are the main supplier of 
electricity. As a self-owner of two generator units (OGU 1 and OGU2), my objective is to 
maximize my return of investment using Real Option Analysis. The return of investment can 
be obtained by taking the advantages when there is a difference between the actual load, 
forecast load and myself-forecast load. We assume whenever there is a lack of power supply, 
the price of electricity will spike in general. Thus, my decision will be whether to switch on 
my generator units or not. 
Facts and Requirements to consider during decision making: 
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1. Large Generator Units: 
(a) Fixed Cost High 
(b) Variable Cost Low 
(c) More Efficient 
2. Small Generator Units: 
(a) Fixed Cost Low 
(b) Variable Cost High 
(c) Less Efficient 
3. Start Up Time: 
(a) Large Generator Longer Period of Time: 2-hours start up time 
(b) Small Generator Units Shorter Period of Time: 1-hour start up time 
4. Reserve Requirement: 80% 
There are four factors to note: 
i. When the difference (Self-Forecast Load —Forecast Load) is negative, both 
OGU1 and OGU2 are switched off. 
ii. If the difference is positive and does not meet the minimum requirement switch- 
on output (SOMW), then OGUI and OGU2 are switched off. 
iii. If the difference is more than 50 MW and less than 160 MW, then OGUl is 
switch on and OGU2 is switched off. 
iv. If the difference is more than 1600 MW, then OGUl and OGU2 are switched on. 
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Table 7.1: Actual, Forecast and Self-Forecast Power Load Data for Case #1 
Operation Hour/Demand {MW) 
Self-
Forecast Forecast 
Actual toad Load toad 
1:00 AM 
2:00 AM 
3:00 AM 
4:00 AM 
5:00 AM 
6:00 AM 
7:00 AM 
8:00 AM 
9:00 AM 
10:00 AM 
19 :00 AM 
12:00 PM 
1:00 PM 
2:00 PM 
3:00 PM 
4:00 PM 
5:00 PM 
6:00 PM 
7:00 PM 
8:00 PM 
9:00 PM 
10:00 PM 
11:00 PM 
12:00 AM 
2123 2134 2128 
2072 2058 2055 
2008 1984 1965 
1984 1956 1980 
2027 1977 2022 
2085 2019 2069 
2109 2053 2130 
2124 2102 2181 
2193 2183 2190 
2229 2313 2172 
2231 2373 2210 
2223 2405 2222 
2163 2378 . 2249 
2131 2358 2273 
2110 2312 2265 
2131 2271 2231 
2352 2500 2294 
2628 2701 2589 
2624 2675 2625 
2575 2629 2591 
2500 2559 2534 
2346 2393 2385 
2157 2174 2155 
2031 2042 2025 
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Scenario #1 (The Basic) 
a 
m c 
v 
B 
J 
3000 
2500 
2000 
1500 
1000 
500 
0 
—~—Actual Load 2123 2072 2008 1984 2027 2085 2109 z12a 2193 2229 2231 2223 2183 2131 2110 2131 2352 2628 2624 2575 2500 2348 2157 2031 
~—Forecast LoaO 2134 2058 1984 1956 1977 2019 2053 2102 2183 2313 2373 2405 2378 2358 2312 2271 2500 2701 2675 2629 2559 2393 2174 2042 
Self-Forecast Load 2128 2055 1985 1980 2022 2069 2130 2181 2190 2172 2210 2222 2249 2273 2265 2231 2294 2589 2625 2591 2534 2385 2155 2025 
Tlme (Hour) 
-~—AcWal Load t Forecast Load Seff-Forecast Load 
Figure 7.3: Case #1 Power Loading Graph 
Case # 2 (Power Outage) 
Basic example data is obtained from the California Electricity Market Energy 
Schedules (System-Wide Data). Thus, the history of electrical outages in California is 
included. 
Table 7.2: Data on History of Electrical Outages in California 2001 for Case #2 
History of Electrical Outages in California, 2001 
Date Start Time Outage (MW) Area Affected 
5/8 3:12 pm 400 Statewide 
5/7 4:45 pm 300 Statewide 
3/20 9:20 am 500 Statewide 
1/21 20 minute disruption due to transmission line failure Northern California 
1/18 9:50 am 1,000 Northern California 
1/17 11:40 am 500 Northern California 
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Table 7.3: Actual, Forecast, Self-Forecast Power Load and Power Outage Data for Case #2 
operation HourlDemand 
BMW) 
Actual 
Load 
Forecast 
Load 
sett- 
Forecas# 
Load 
power 
Outage 
1:00 AM 2123 2134 2128 0 
2:00 AM 2072 2058 2055 0 
3:00 AM 2008 1984 1965 ~ 0 
4:00 AM 1984 1956 1980 0 
5:00 AM 2027 1977 2022 0 
6:00 AM 2085 2019 2069 0 
7:00 AM 2109 2053 2130 0 
8:00 AM 2124 2102 218 ~ 0 
9:00 AM 2193 2183 2190 0 
10:00 AM 2229 2313 2172 0 
11:00 AM 2231 2373 2210 0 
12:00 PM 2223 2405 2222 0 
1:00 PM 2163 2378 2249 0 
2:00 PM 2131 2358 2273 0 
3:00 PM 2110 2312 2265 400 
4:00 PM 2131 2271 2231 0 
5:00 PM 2352 2500 2294 0 
6:00 PM 2628 2701 2589 0 
7:00 PM 2624 2675 2625 0 
8:00 PM 2575 2629 2591 0 
9:00 PM 2500 2559 2534 0 
10:00 PM 2346 2393 2385 0 
11:00 PM 2157 2174 2155 0 
12:00 AM 2031 2042 2025 0 
For case #2, power outage of 400 MW on the 8th of May will be used as an example to show 
what will happen when such power outage occurs on the 1St of January at 3.12 pm. 
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Brief Observation: 
Since there are 400 MW power of shortage, the price of electricity will spike. Both of 
generators are not on at that particular hour. Therefore, I will switch on both of my generator 
(maximum of production is 360MW) to fully take advantages of this power outage 
opportunity. 
Scenario #2 (Power Outage) 
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-+-Actual Load -~ Forecast Load Self-Forecast Load ~- Power Outage on All -~-Power Outage on Self 
Figure 7.4: Case #2 Power Loading Graph 
Case # 3 (Transmission Line Effect) 
Forced outages can happen anytime and anywhere. A transmission line can trip off, when hit 
by tree, airplane, lightning, etc. For example, on November 6, 1998, a Cessna TR182, 
N756YE, operated by Kennewick Aircraft Services Inc. of Kennewick, Washington under 
contract to the U.S. Fish &Wildlife Service as a public-use waterfowl survey flight, struck 
power lines across the Columbia River near Desert Aire, Washington, at approximately 1225 
Pacific Standard Time. Then the airplane crashed and sank into the river. The Blackout of 
August 14, 2003, which affected 50 million people in the Northeast, 
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Table 7.4: Actual, Forecast, Self-Forecast Power Load and Transmission I..ine Effect Data for Case #3 
Operation Hour/Demand 
(MW) 
Ac#ual 
Load 
Forecast 
Load 
Se1f-
Forecast 
load 
Transmission 
Line Effect 
1:00 AM 2123 2134 2128 0 
2:00 AM 2072 2058 2055 0 
3;00 AM 2008 1984 1965 0 
4:00 AM 1984 1956 1980 0 
5:00 AM 2027 1977 2022 0 
5:00 AM 2085 2019 2069 0 
7:00 AM 2109 2053 2130 0 
8:00 AM 2124 2102 2181 0 
9:00 AM 2193 2183 2190 0 
10:00 AM 2229 2313 2172 0 
11:00 AM 2231 2373 2210 0 
12:00 PM 2223 2405 2222 0 
1:00 PM 2163 2378 2249 0 
2:00 PM 2131 2358 2273 0 
3:00 PM 2110 2312 ~ 2265 0 
4:00 PM 2131 2271 2231 0 
5:00 PM 2352 2500 2294 0 
6:00 PM 2628 2701 2589 0 
7:00 PM 2624 2675 2625 0 
8:00 PM 2575 2629 2591 240 
9:00 PM 2500 2559 2534 0 
10:00 PM 2346 2393 2385 0 
11:00 PM 2157 2174 2155 0 
12:00 AM 2031 2042 2025 0 
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Midwest, and parts of Canada, was said to be partly caused by the interaction between 
a transmission line and a tree. Thus, if such unfortunate incident happens, what should an 
owner of generation do? 
For case #3, I assume that the transmission line is tripped off around 8 pm on lst January. 
GU2, (which operates at its full capacity -reserve requirement taken into consideration), 
loses half of its power transmission ability. 
Lack of Power (Transmission Line Effect) 
_ (600 * 0.8 / 2) MW 
= 240 MW 
There exists a lack of energy supply of 451 MW in total, should I (owner of two generators) 
switch on both of my generators, OGU1 and OGU2? 
Scenario #3 (Transmission Line Effect) 
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Figure 7.5: Case #3 Power Loading Graph 
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Case # 4 (Fuel Price Effect) 
The objective of every company is to maximise its return of investment. Thus, not 
every single company will switch on their generators even if there is a lack of power supply. 
For example, for large generator companies, they have to take into consideration all 
components: high fixed costs, low variable costs, efficiency, start-up time, and etc. On the 
contrary, small generation companies have to consider the same components. It is not true 
that large generators companies will always obtain maximum return of investment. V'Vhen 
there is an increase in fuel price, some of the .companies might choose to switch off their 
generators. Revenues or profit needs to offset the cost of production. So as a small generation 
owner, what should I do in this situation? There is an important element that I need to be 
aware, that my cost of producing is smaller compared to bigger generation companies. 
Therefore, I can take advantage of this situation. For case #4, I will assume that there is a 
spike in fuel price at the period of 9 am to 10 am. Assume that GUl decides to switch off. All 
other generators function at maximum capacity (reserves taken into consideration as well). 
There i s a lack o f p ower: 
_ (2183 —1920) MW 
= 263 MW. 
As there exist a lack of energy supply, 263 1VIW in total, should I (owner of two generators) 
switch on my generators, OGU 1 and OGU2? 
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Table 7.5: Actual, Forecast, Self-Forecast Power Load and Fuel Price Effect Data for Case #4 
Operation Hour/Demand 
(MW) 
Actua! 
Load 
Forecast 
Load 
Self-
Forecast 
Load 
Fuel Price 
Effect 
1:00 AM 2123 2134 2128 0 
2:00 AM 2072 2058 2055 0 
3:00 AM 2008 1984 1965 0 
4:00 AM 1984 1956 1980 0 
5:00 AM 2027 1977 2022 0 
5:00 AM 2085 2019 2069 0 
7:00 AM 2109 2053 2130 0 
8:00 AM 2124 2102 2181 0 
9:00 AM 2193 '..:1920 :.2453 263 
10:00 AM 2229 2313 2172 0 
11:00 AM 2231 2373 2210 0 
12:00 PM 2223 2405 2222 0 
1:00 PM 2163 2378 2249 0 
2:00 PM 2131 2358 2273 0 
3:00 PM 2110 2312 2265 0 
4:00 PM 2131 2271 2231 0 
5:00 PM 2352 2500 2294 0 
6:00 PM 2628 2701 2589 0 
7:00 PM 2624 2675 2625 0 
8:00 PM 2575 2629 2591 0 
9:00 PM 2500 2559 2534 0 
10:00 PM 2346 2393 2385 0 
11:00 PM 2157 2174 2155 0 
12:00 AM 2031 2042 2025 0 
51 
Scenario #4 (Fuel Price Effect) 
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Figure 7.6: Case #4 Power Loading Graph 
7.3 Application of Real Option Analysis Methods to Virtual World Cases (VWC) 
Different methods of Real Option Analysis require different kinds of inputs. Table 7.6 shows 
the various inputs for each method: 
S =Current Price Asset 
K =Strike Price 
r =Interest Rate 
sig =Volatility 
div =dividend 
T =Time Frame 
N =Time Steps 
dx =Space Steps 
M =Number of Simulations 
The input values for each method and case: 
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Table 7.6: Inputs of A11 Cases for Every Method 
Cases 
inputs 
#1 
S K R sig div T N dx M 
Traditional 
Method 
Lattice 
Method 
finite 
Element 
Method 
Simulation 
Method 
100 
100 
100 
100 
120 
120 
120 
120 
0.06 
0.06 
0.06 
0.06 
0.2 
0.2 
0.2 
0.2 
na 
0 
0 
0 
1 
1 
1 
1 
na 
7 
7 
7 
na 
0.2 
0.2 
na 
na 
na 
na 
10000 
#2 
Traditional 
Method 
Lattice 
Method 
Finite 
Element 
Method 
Simulation 
Method 
100 
100 
100 
100 
190 
190 
190 
190 
0.06 
0.06 
0.06 
0.06 
0.5 
0.5 
0.5 
0.5 
na 
0 
0 
0 
1 
1 
1 
1 
na 
15 
15 
15 
na 
0.2 
0.2 
na 
na 
na 
na 
10000 
#3 
Traditional 
Method 
Lattice 
Method 
Finite 
Element 
Method 
Simulation 
Method 
100 
100 
100 
100 
180 
180 
180 
180 
0.06 
0.06 
0.06 
0.06 
0.4 
0.4 
0.4 
0.4 
na 
0 
0 
0 
1 
1 
1 
1 
na 
20 
20 
20 
na 
0.2 
0.2 
na 
na 
na 
na 
10000 
#4 
Traditional 
Method 
Lattice 
Method 
Finite 
Element 
Method 
Simulation 
Method 
100 130 0.06 0.3 na 1 na na na 
100 130 0.06 0.3 0 1 9 0.2 na 
100 130 0.06 0.3 0 1 9 0.2 na 
100 130 0.06 0.3 0 1 9 na 10000 
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Table 7.7 shows the MATLAB Programming Result: 
Table 7.7: Result of All Cases for Every Method 
Traditional Simulation 
Method Lattice Method Finite Element Method Method 
Cases 
1. Basic 
Model 
2. Power 
Outage 
3. 
Transmission 
Line Effect 
4. Fuel Price 
Effec# 
Black-Scholes Binomial Trinomial Crank Monte 
Option-Pricing Tree Tree Explicit Implicit Nicolson Carlo 
2.022 3.585 3.436 3.456 3.605 3.532 3.552 
2.994 3.621 3.9 3.9 4.1 4 3.92 
1.565 2.199 2.2 2.2 2.4 2.3 2.27 
3.366 4.891 5.022 5.066 5.085 5.07 5.061 
From table 7.7, the option values on each case for Lattice Method, Finite Element 
Method, and Simulation Method are rather close. The Black-Scholes Option-Pricing Method 
has lower option value on each case compared to other methods. This method does not have 
the flexibility to take into account many aspects when calculating the option value. However, 
the traditional Black-Scholes Option-Pricing Method is always used as a benchmark. 
when the option value is positive, OGU owner will decide to operate his generators 
and vice-versa. The positive option value indicates higher positive rate of return compared to 
normal operation rate of return. OGU owner will choose to operate his generators for all 
cases as the option values are all positive. For the procedure of operating the generators, 
OGU will be the first to be switched on. If the supply from OGU 1 is insufficient, OGU2 will 
then be switched on. 
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Table 7.8: Decision Data on Case #1 
Operation Hour / 
Demand (MV1i7 
Sel#- Decision Decision 
Actua! Forecast Forecast on OGU1 on OGU2 
Load load Load Difference OGU1 Output OGU2 Output 
1:00 AM 
2:00 AM 
3:00 AM 
4:00 AM 
5:00 AM 
6:00 AM 
7:00 AM 
8:00 AM 
9:00 AM 
10:00 AM 
11.00 AM 
12:00 PM 
1:00 PM 
2:00 PM 
3:00 PM 
4:00 PM 
5:00 PM 
6:00 PM 
7:00 PM 
8:00 PM 
9:00 PM 
10:00 PM 
11:00 PM 
12:00 AM 
2123 2'!34 2128 -6 off 0 off 0 
2072 2058 2055 -3 off 0 off 0 
2008 1984 1965 -19 off 0 off 0 
1984 1956 '1980 24 off 0 off 0 
2027 1977 2022 45 off 0 off 0 
2085 2019 2069 ~50 on 50 off 0 
2109 2053 2130 77 on 77 off 0 
2124 2102 2181 79 on 79 off 0 
2193 2183 2190 7 off 0 off 0 
2229 2313 2172 -141 off 0 off 0 
2231 2373 2210 -163 off 0 off 0 
2223 2405 2222 -183 off 0 off 0 
2163 2378 2249 -129 off 0 off 0 
2131 2358 2273 -85 off 0 off 0 
2110 2312 2265 -47 off 0 off 0 
2131 2271 2231 -40 off 0 off 0 
2352 2500 2294 -206 off 0 off 0 
2628 2701 2589 -112 off 0 off 0 
2624 2675 2625 -50 off 0 off 0 
2575 2629 2591 -38 off 0 off 0 
2500 2559 2534 -25 off 0 off 0 
2346 2393 2385 -8 off 0 off 0 
2157 2174 2155 -19 off 0 off 0-
2031 2042 2025 -17 off 0 off 0 
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Table 7.9: Decision Data on Case #2 
Operation 
Hour / 
Demand 
(MW) 
Actual 
Load 
Forecast 
Load 
Self-
Forecast 
Load Difference 
Decision 
on OGU1 
OGU1 
Output 
Decision 
on OGU2 
OGU2 
Output 
1:00 AM 2123 2134 2128 -6 off 0 off 0 
2:00 AM 2072 2058 2055 -3 off 0 off 0 
3:00 AM 2008 1984 1965 -19 off 0 off 0 
4:00 AM 1984 1956 1980 24 off 0 off 0 
5:00 AM 2027 1977 2022 45 off 0 off 0 
6:00 AM 2085 2019 2069 50 on 50 off 0 
7:00 AM 2109 2053 2130 77 on 77 off 0 
8:00 AM 2124 2102 2181 79 on 79 off 0 
9:00 AM 2193 2183 2190 7 off 0 off 0 
10:00 AM 2229 2313 2172 -141 off 0 off 0 
11:00 AM 2231 2373 2210 -163 off 0 off 0 
12:00 PM 2223 2405 2222 -183 off 0 off 0 
1:00 PM 2163 2378 2249 -129 off 0 off 0 
2:00 PM 2131 2358 2273 -85 off 0 off 0 
3:00 PM `2110 1912 2665 `~ 753 on 160 on 160 
4:00 PM 2131 2271 2231 -40 off 0 off 0 
5:00 PM 2352 2500 2294 -206 off 0 off 0 
6:00 PM 2628 2701 2589 -112 off 0 off 0 
7:00 PM 2F24 2675 2625 -50 off 0 off 0 
8:00 PM 2575 2629 2591 -38 off 0 off 0 
9:00 PM 2500 2559 2534 -25 off 0 off 0 
10:00 PM 2346 2393 2385 -8 off 0 off 0 
11:00 PM 2157 2174 2155 -19 off 0 off 0 
12:00 AM 2031 2042 2025 -17 off 0 off 0 
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Table 7.10: Decision Data on Case #3 
Operation 
Hour 
Demand 
(MW) 
Self-
Actual Forecast Forecast Decision OGU1 Decision OGU2 
Load Load Load Difference on OGU1 Output on OGU2 Output 
1:00 AM 
2:00 AM 
3:00 AM 
4:00 AM 
5:00 AM 
6:00 AM 
7:00 AM 
8:00 AM 
9:00 AM 
10:00 AM 
11:00 AM 
1 Z:00 PM 
1:00 PM 
2:00 PM 
3:00 PM 
4:00 PM 
5:00 PM 
6:00 PM 
7:00 PM 
8:00 PM 
9:00 PM 
10:00 PM 
11:00 PM 
12:00 AM 
2123 2134 2128 -6 off 0 off 0 
2072 2058 2055 -3 off 0 off 0 
2008 1984 1965 -19 off 0 off 0 
1984 1956 1980 24 off 0 off 0 
2027 1977 2022 45 off 0 off 0 
2085 2019 2069 50 On 50 off 0 
2109 2053 2130 77 On 77 off 0 
2124 2102 2181 79 On 79 off 0 
2193 2183 2190 7 off 0 off 0 
2229 2313 2172 -141 off 0 off 0 
2231 2373 2210 -163 off 0 off 0 
2223 2405 2222 -183 off 0 off 0 
2163 2378 2249 -129 off 0 off 0 
2131 2358 2273 -85 off 0 off 0 
2110 2312 2265 -47 off 0 off 0 
2131 2271 2231 -40 off 0 off 0 
2352 2500 2294 -206 off 0 off 0 
2628 2701 2589 -112 off 0 off 0 
2624 2675 2625 -50 off 0 off 0 
2575 2380 2831 451 On 160 on 160. 
2500 2559 2534 -25 off 0 ~ off 0 
2346 2393 2385 -8 off 0 off 0 
2157 2174 2155 -19 off 0 off 0 
2031 2042 2025 -17 off 0 off 0 
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Table 7.11: Decision Data on Case #-1 
Operation 
Hour 
Demand (MW) 
Actual 
Load 
Forecast 
Load 
Self-
Forecast 
Load Difference 
Decision 
on OGU1 
OGU1 
Output 
Decision 
on OGU2 
OGU2 
Output 
1:00 AM 2123 2134 2128 -6 off 0 off 0 
2:00 AM 2072 2058 2055 -3 off 0 off 0 
3:00 AM 2008 1984 1965 -19 off 0 off 0 
4:00 AM 1984 1956 1980 24 off 0 off 0 
5:00 AM 2027 1977 2022 45 off 0 off 0 
6:00 AM 2085 2019 2069 50 on 50 off 0 
7:00 AM 2109 2053 2130 77 on 77 off 0 
8:00 AM 2124 2102 2181 79 on 79 off 0 
9:00 AM 2193 1920 2453 533 on 160 on 160 
10:00 AM 2229 2313 2172 -141 off 0 off 0 
11:00 AM 2231 2373 2210 -163 off 0 off 0 
12:00 PM 2223 2405 2222 -183 off 0 off 0 
1:00 PM 2163 2378 2249 -129 off 0 off 0 
Z:00 PM 2131 2358 2273 -85 off 0 off 0 
3:00 PM 2110 2312 2265 -47 off 0 off 0 
4:00 PM 2131 2271 2231 -40 off 0 off 0 
5:00 PM 2352 2500 2294 -206 off 0 off 0 
6:00 PM 2628 2701 2589 -112 off 0 off 0 
7:00 PM 2624 2675 2625 -50 off 0 off 0 
8:00 PM 2575 2629 2591 -38 off 0 off 0 
9:00 PM 2500 2559 2534 -25 off 0 off 0 
10:00 PM 2346 2393 2385 -8 off 0 off 0 
11:00 PM 2157 2174 2155 -19 off 0 off 0 
12:00 AM 2031 2042 2025 -17 off 0 off 0 
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Table 7.12: Time {seconds) of All Cases for Every Method 
Traditional ~ Simulation 
Method Lattice Method finite Elemen# Method Me#hod 
Cases 
1. Basic 
Modes 
2. Power 
Clutage 
3~. 
Transmission 
Line Effect 
4. Fuel Price 
Effect 
Black-Scholes Binomial Trinomial Crank Monte 
Option-Pricing Tree Tree Explicit Implicit Nicolson Carlo 
48 58 68 55 54 60 43 
54 60 63 53 57 62 43 
55 59 60 54 58 61 44 
57 66 72 65 65 68 45 
The total time required to obtain the result of all cases is approximately 30 minutes. As all 
the cases are pretty straight forward and small examples, it does not take a long time to 
acquire all results. 
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CHAPTER 8. CONCLUSIONS 
8.1 Summary 
Most practical real option models do not have closed-form analytical solutions. The 
Black-Scholes Option-Pricing method is a closed-form analytical solution. The assumptions 
show why this is the case. For more complex exotic, uncertainty model or prof ect-flexibility 
specification option cases, numerical solution methods need to be used to obtain the option 
value. 
This work provides a detailed explanation of several major methods used in real 
option analysis. Those major methods include traditional Black-Scholes Option-Pricing 
Method, Binomial and Trinomial Lattice Methods, Monte Carlo Simulation Method, and 
Finite Element Method. It also shows the application of these methods to solve complex 
option problems. Through the application of each technique with various cases written in 
MATLAB, all methods are compared. For these cases, Binomial and Trinomial Lattice 
Methods, Monte Carlo Simulation Method, and Finite Element Method provide better result 
compared to the traditional Black-Scholes Option-Pricing Method. Thus, the Black-Scholes 
Option-Pricing method is always used as a benchmark. The advantages and disadvantages of 
each method are summarized. Assumptions of each method are discussed as they represent 
an important element of limitation when interpreting the results. Key components of each 
method are carefully discussed as the variable values affect the results. All methods provide 
similar results when the problems are simple but not when the problems are more complex. 
so
The Black-Scholes method provides an analytical solution. A numerical solution is presented 
for the Lattice methods, Monte Carlo Simulation method and the Finite Element method. 
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